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We review the derivation of the effective Dirac equation for ultracold atoms in one-dimensional
bichromatic optical lattices, following the proposal by [Witthaut et al. Phys. Rev. A 84, 033601
(2011)]. We discuss how such a derivation – based on a suitable rotation of the Bloch basis and
on a coarse graining approximation – is affected by the choice of the Wannier functions entering
the coarsening procedure. We show that in general the Wannier functions obtained by rotating the
maximally localized Wannier functions for the original Bloch bands can be sufficiently localized for
justifying the coarse graining approximation. We also comment on the relation between the rotation
needed to achieve the Dirac form and the standard Foldy-Wouthuysen transformation. Our results
provide a solid ground for the interpretation of the experimental results by [Salger et al. Phys. Rev.
Lett. 107, 240401 (2011)] in terms of an effective Dirac dynamics.
PACS numbers: 67.85.Hj, 03.75.Lm, 03.65.Pm
I. INTRODUCTION
The analog of Klein tunneling – the penetration of
relativistic-like particles through a potential barrier –
has been recently observed in a proof-of-principle exper-
iment with ultracold atoms in a one-dimensional optical
lattice [1]. This experiment follows a theoretical pro-
posal by Witthaut et al. [2] for simulating the 1 + 1
Dirac equation in bichromatic optical lattices in the pres-
ence of a Dirac point, that is when the energy dispersion
for a set of two Bloch bands takes the relativistic form
E±(q) = ±
√
m2c4 + c2q2. In fact, in this case it is possi-
ble to transform the original Schro¨dinger equation into a
Dirac equation, by means of a suitable mixing (rotation)
of the two bands and of a coarse graining procedure via
a projection over a basis of Wannier functions [2].
A crucial point that guarantees the validity of this re-
duction is the existence of a set of Wannier functions suf-
ficiently localized within each lattice cell, in the rotated
basis [3]. In order to clarify this point, in this paper we
present a detailed derivation of the Dirac effective equa-
tion, that allows to highlight the role played by the Wan-
nier functions (that are not uniquely defined, owing to the
arbitrariness of the phase of the Bloch functions [4, 5]),
analyzing the specific cases discussed in Refs. [1, 2]. We
show that even the Wannier functions obtained simply by
rotating the maximally localized Wannier functions (ML-
WFs) for the original bands can be a reasonable choice.
Our results provide a solid justification of the good agree-
ment between the experimental results of Salger et al. [1]
(or the numerical results of Ref. [2]) with the effective
Dirac equation proposed by Witthaut et al. [2].
The article is organized as follows. In Sect. II we dis-
cuss the derivation of the Dirac effective equation and the
role played by the Wannier functions in the rotated ba-
sis. Then, in Sect. III we discuss the relation between the
rotation of the Bloch bands and the Foldy-Wouthuysen
transformation for the Dirac equation. In Sect. IV we
briefly review the concept of maximally localized Wan-
nier functions, and discuss its relevance to the original
and rotated Bloch basis. In Sect. V we explicitly com-
pute the MLWFs for the original Bloch bands, and dis-
cuss how the rotation affects their localization properties.
There we consider explicitly both cases of the theoretical
proposal by Witthaut et al. [2] and of the experimental
realization by Salger et al. [1]. The implications for the
sub-leading term in the expansion of the “slowly-varying”
potential describing the potential barrier are examined in
Sect. VI. Concluding remarks are drawn in Sect. VII.
II. EFFECTIVE DIRAC DYNAMICS
Let us start from the single particle Schro¨dinger equa-
tion in the presence of a periodic potential VL(x) (of pe-
riod d) and a slowly varying external potential V (x)
ih¯∂tΨ(x, t) = [HL(x) + V (x)] Ψ(x, t), (1)
where HL = −(h¯2/2M)∇2 + VL is the unperturbed lat-
tice Hamiltonian, whose eigenvectors are Bloch functions
ψn(k, x) = e
ikxun(k, x) ≡ 〈x|n, k〉. Then, Eq. (1) can be
mapped to quasimomentum space as (see e.g. [6, 7])
ih¯∂tϕn(k, t) = En(k)ϕn(k, t)
+
∑
n′
∫
k′
〈n, k|V |n′, k′〉ϕn′(k′, t) (2)
where ϕn(k, t) represent the expansion coefficients of a
generic wave-packet Ψ(x, t) on the Bloch basis, namely
Ψ(x, t) =
∑
n
∫
k
ϕn(k, t)ψn(k, x), and k runs over the
first Brillouin zone (the dependence on t will be omitted
in the following). The above equation can be written in
2vectorial form as
ih¯∂tϕ(k) = HL(k)ϕ(k) +
∫
k′
V˜ (k, k′)ϕ(k′), (3)
with HL(k) = En(k)δnn′ , V˜ (k, k
′) = 〈n, k|V |n′, k′〉.
Let us now consider a subset of two bands, and as-
sume that around k = 0 the dispersion relation can be
approximated as E±(k) = ±
√
m2c4 + c2(h¯k)2 (modulo
an irrelevant constant), as considered in Ref. [2]. Then,
in order to put the above expression in the form of a
Dirac equation, it is convenient to make use of a SO(2)
rotation R(θ(k)) [2], with
R(θ(k)) =
(
cos θ(k) − sin θ(k)
sin θ(k) cos θ(k)
)
(4)
and
tan θ(k) = − mc
2
ch¯k +
√
m2c4 + c2(h¯k)2
. (5)
We notice that this rotation is related to an inverse Foldy-
Wouthuysen transformation [8]; we shall come back to
this point later on. Then, Eq. (3) can be written as
ih¯∂tϕ
′(k) = H ′L(k)ϕ
′(k)
+
∫
k′
R(k)V˜ (k, k′)RT (k′)ϕ′(k′) (6)
with ϕ′ = Rϕ, and
H ′L(k) = R(k)HL(k)R
T (k) =
(
ch¯k −mc2
−mc2 −ch¯k
)
. (7)
Equation (6) can be transformed back in coordinate
space by projection on a basis of Wannier functions, as
discussed in the following. We recall that the Wannier
functions are obtained from the Bloch functions as [6]
wn(x−Ri) =
√
d
2π
∫
k
e−ikRiψn(k, x), (8)
and that they are not uniquely defined due to the ar-
bitrariness of the Bloch functions’ phase (that, in gen-
eral, depends on k). A generic wave packet Ψ(x) can
be expanded as Ψ(x) =
∑
n,i χn(Ri)wn(x−Ri), where
the amplitudes χn(Ri) can be obtained from the Bloch
coefficients by a simple Fourier transform
χn(Ri) =
√
d
2π
∫
k
ϕn(k)e
ikRi . (9)
The same relation holds in the rotated basis [5].
When the Wannier functions (in the present case, those
in the rotated basis) are sufficiently localized in each cell,
the rotated amplitudes χ′n(Ri) play the role of envelope
functions (associated to the site Ri, not just to the state
|w′n(Ri)〉), corresponding to a corse graining on the scale
of a single cell [7, 9]. Then, following the coarse graining
approximation, the coefficients χ′(Ri) can be supposed to
be differentiable functions of Ri, the latter being consid-
ered as a continuous variable (eventually, Ri → x). This
holds when χ′(Ri) is slowly varying on the scale of the
lattice period (“smooth” wave packet). Under this ap-
proximation, and thanks to the properties of the Fourier
transform [7, 9], the Hamiltonian H ′L in coordinate space
can be obtained by the replacement k→ −i∇Ri , so that
Eq. (6) can be mapped in coordinate space as
ih¯∂tχ
′(Ri) = H
′
L(−i∇Ri)χ′(Ri) (10)
+
∑
j
∫
k
∫
k′
eik·RiR(k)V˜ (k, k′)RT (k′)e−ik
′
·Rjχ′(Rj).
In addition, it is easy to show that∫
k
∫
k′
R(k)V˜ (k, k′)RT (k′)eik·Rie−ik
′
·Rj
∣∣∣∣
nn′
=
∫
x
w′n
∗
(x−Ri)V (x)w′n′ (x −Rj) ≡ 〈V 〉ijnn′ , (11)
yielding
ih¯∂tχ
′(Ri) = H
′
L(−i∇)χ′(Ri) +
∑
j
〈V 〉ijχ′(Rj). (12)
When the Wannier functions are well localized inside
each lattice cell, and the potential V (x) is slowly varying
on that scale, we can write
〈V 〉ijnn′ ≈ V (Ri)δnn′δij , (13)
so that we finally arrive at
ih¯∂tχ
′(x) = [H ′L(−i∇) + V (x)]χ′(x). (14)
Then, the application of the U(2) transformation [2]
U =
1√
2
(
1 −1
1 1
)
(15)
yields (ψ ≡ Uχ′)
ih¯∂tψ(x) =
(
V (x) +mc2 cpˆ
cpˆ V (x) −mc2
)
ψ(x) (16)
that corresponds to the Dirac equation in 1 + 1 dimen-
sions, in the presence of a scalar potential V (x). This is
the same equation as obtained in [2]. We remark that in
principle the transformation (15) could be applied before
the coarse graining. This would affect the local behavior
of the Wannier functions and therefore the subleading
terms of the potential in Eq. (12), but not the leading
diagonal term V (x)12×2.
Summarizing, the present derivation shows that the
mapping onto a Dirac equation is justified when there
exists a set of sufficiently localized Wannier functions, in
the rotated basis [3]. Though they do not appear ex-
plicitly in the final expression (16), they are needed to
warrant both the coarse graining procedure and the ex-
pansion (13) of the slowly varying potential [10]. The
existence of Wannier functions with such properties will
be discussed in the Sections IV and V.
3III. THE FOLDY-WOUTHUYSEN
TRANSFORMATION
As anticipated in the previous section, the rotation (4)
with the angle given by Eq. (5) (also combined with the
constant transformation U in Eq. (15)), corresponds to
the inverse free-particle Foldy-Wouthuysen (FW) trans-
formation in the momentum representation (that is, act-
ing on the eigenstates of the Dirac equation) [8]. We
recall that the FW transformation is used to put the
canonical free Dirac equation into a convenient diagonal
form, HD = diag(
√
m2c4 + c2pˆ2,−
√
m2c4 + c2pˆ2). This
explains why here it is just the inverse FW transforma-
tion that allows to cast the original diagonal 2× 2 Bloch
Hamiltonian into the Dirac form.
Owing to the above point, we notice that when the po-
tential V (x) is vanishing one could even apply the coarse
graining procedure directly in the original Bloch basis –
without rotation – then claiming the equivalence with the
Dirac equation via the inverse FW cited above (though,
for practical purposes it might still be convenient to work
with the canonical form, that is linear in the momentum
operator pˆ.). However, the presence of the scalar po-
tential V (x) dramatically changes the situation. In fact,
though one has still to use the same inverse free FW
transformation to reshape the original Bloch Hamilto-
nian in quasimomentum space, the corresponding trans-
formation after the coarse graining would not lead to the
Dirac equation, as the potential V (x) does not commute
with the momentum operator pˆ. In this case the exact
FW transformation is not known. Usually, it is custom-
ary to perform an expansion in 1/m, leading to the well
known spin-orbit and Zitterbewegung terms of the non
relativistic limit [8]. However, such an expansion is not
useful in the present case, as here one is not interested in
a the non-relativistic limit, but rather the opposite (that
is, simulating relativistic effects close to m = 0). Indeed,
the direct transformation that leads to Eq. (16) preserves
all the relativistic contributions.
IV. MAXIMALLY LOCALIZED WANNIER
FUNCTIONS
Among all possible choices, there exists a special class
of Wannier functions, the so-called maximally localized
Wannier functions (MLWFs) introduced by Marzari and
Vanderbilt [4]. These functions, obtained by means of
a suitable unitary gauge transformation of the Bloch
eigenfunctions, are defined as those with the minimal
spread, and can be constructed for both single or com-
posite bands. Their application to bichromatic optical
lattices has been recently discussed in [5].
Let us consider explicitly the case of two almost de-
generate bands, that is relevant to the present discussion.
The single band MLWFs are obtained via a diagonal uni-
tary transformation of the form diag(eiφ1(k), eiφ2(k)), and
correspond to the exponentially decaying Wannier func-
tions discussed by Kohn [11]. In general, it is convenient
to define also a set of generalized MLWFs for composite
bands, by means of a suitable gauge transformation ob-
tained by parametrizing the most general 2 × 2 unitary
matrix [5]. In the present case, the situation is compli-
cated by the presence of the constraint (5) that fixes the
mixing angle θ(k). In this case, the only freedom left is
in the choice of the phases of the original Bloch functions
(before the rotation). Indeed, it is easy to prove that any
other choice would spoil the form of the Hamiltonian (7),
introducing a different dependence on k.
Then, in order to define a set of generalized MLWFs
that satisfy the constraint (5), one could proceed as fol-
lows. Given an initial set of Bloch functions un(k, x)
(that we suppose to be smooth functions of k [5]), the full
transformation that minimizes the Wannier functions by
preserving the Dirac form is
U(k) = R(θ(k))× diag(eiφ1(k), eiφ2(k)) (17)
(in principle, one could also include the constant U(2)
transformation, see Sect II). Following Ref. [5], the gauge
dependent part of the Wannier spread, ΩU , can be ex-
pressed in terms of the generalized Berry vector poten-
tials Anm(k) = i(2π/d)〈unk|∂k|umk〉 as
ΩU =
∑
n=1,2
〈(Ann(k)− 〈Ann〉B)2〉B + 2〈|A12|2〉B. (18)
Generally, the two contributions in the above expression
can be minimized either simultaneously or independently,
and in one dimension they can be made strictly vanishing,
in the so-called parallel transport gauge [5]. However,
since we want to preserve the form of the Hamiltonian
(7), in the present case we can only require ΩU to be
minimum under the transformation (17), namely for
Anm → A˜nm = i
∑
l
U∗nl∂kUml +
∑
l,l′
U∗nlUml′All′ . (19)
Notice that the diagonal gauge transformation in Eq.
(17) only affects the diagonal term containing Ann, leav-
ing unchanged the off diagonal term |A12| [5]. The latter
is therefore fixed by the rotation R(θ). As a matter of
fact, Ω˜U results in a complicated integro-differential ex-
pression, whose solution is very tough, even numerically.
Therefore, we shall adopt a different approach, as dis-
cussed in the following.
V. THE CASE OF REFS. [1, 2]
As anticipated before, the coarse graining procedure
is justified when the rotated Wannier functions are suf-
ficiently localized on the scale of the lattice spacing, not
necessarily those maximally localized. So, a sufficient
condition is to start with the single band MLWFs for
the original Bloch bands as considered by Witthaut et
al. [12], and verify that the rotation (4) does not affect
4substantially their localization properties. In order to be
quantitative, we shall use the normalized participation
ratio
P =
(
d
∫
dx|wn|4
)−1
(20)
as a measure of the extent of the Wannier functions
wn(x), in units of the lattice period d.
Let us consider as examples the specific cases discussed
in Refs. [1, 2], with the periodic potential taking the form
VL(x) =
V1
2
cos(2kLx) +
V2
2
cos(4kLx+ φ). (21)
As for the potential amplitudes, here we consider two
different sets, namely V1 = 5ER and V2 = 1.6ER [1] or
V2 = 1.56ER [2], with ER = h¯
2k2L/(2M) being the lat-
tice recoil energy (whose actual value is irrelevant here).
The two values of V2 are very close but present subtle
differences, as we shall discuss later on.
The Bloch spectrum can be computed by a standard
Fourier decomposition [5]. Once the Bloch functions have
been (numerically) obtained, one can compute the single
band MLWFs by determining the phases φ1(k) and φ2(k)
of the diagonal gauge transformation in Eq. (17), see
e.g. Ref. [5], and then using Eq. (8). At the same
time, one can also evaluate the rotated MLWFs by using
the full transformation (17), with the parameters mc2
and c obtained from a fit of the energy dispersion around
k = 0 [2]. Regarding this point, we have found that in the
present regime of parameters, the Bloch bands cannot be
exactly reproduced by the dispersion relation E±(k) =
±
√
m2c4 + c2h¯2k2 (near k = 0) as the independent fit
of the two bands returns two different values for c (the
value of mc2 is unambiguously fixed by the energy gap
at k = 0). However, in practice, by taking the average
value of the effective velocity, c ≡ (c+ + c−)/2 we get
a reasonable description of the exact Bloch bands. The
actual values that we get for mc2 and c for the two cases
in Refs. [1, 2] are reported in Tab. I for different values
of the phase (namely φ = 0, 0.8π, π).
φ = 0 φ = 0.8pi φ = pi
V2 = 1.56 mc
2 0.68 0.21 5 · 10−4
c 3.79 3.72 3.72
V2 = 1.6 mc
2 0.69 0.21 8 · 10−3
c 3.79 3.72 3.72
Table I. Values of the parameters mc2 and c for different val-
ues of phase φ and V2 = 1.56ER, 1.6ER (V1 = 5ER). The
values in the table are in lattice units (namely, energies in
units of ER, velocities in units of ER/(h¯kL)).
The corresponding Wannier functions are shown in
Figs. 1 and 2 (for the cases of Refs. [1, 2] respectively). In
particular, there we show the single-band MLWFs (blue
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Figure 1. (Color online) Density plot of the Wannier func-
tions, for the first and second excited bands (left and right, re-
spectively) and φ = 0, 0.8pi, pi (from top to bottom). The ML-
WFs for the original Bloch bands are shown in blue (dotted-
dashed line), those rotated in red (solid line). Here we use the
set of parameters of Salger et al. [1]: V1 = 5ER, V2 = 1.6ER.
The numbers in the legend correspond to the values of the
participation ratio P (see text).
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Figure 2. (Color online) Density plot of the Wannier
functions, for the set of parameters of Witthaut et al. [2]:
V1 = 5ER, V2 = 1.56ER. See Fig. 1 for comparison (and
description).
dotted-dashed lines), and the corresponding rotated ML-
WFs defined above (red solid lines).
A number of comments are in order. Firstly, it is ob-
5vious that in the “relativistic” [1] case φ = π, the mass
m is almost vanishing, so that actually there is no rota-
tion (see Eq. (5)), and the two sets of Wannier functions
coincide (panels (c),(f)).
Then, it is noteworthy that – despite the similar val-
ues of the parameters – the cases of Refs. [1, 2] present
a different behavior, especially close to φ = π (panels
(c),(f)). This is due to the fact that the two values
V2 = 1.56ER and V2 = 1.6ER lie on different sides with
respect to the degeneracy point corresponding to the ex-
act crossing of the two bands, that we numerically locate
at V2 ≃ 1.5625ER. As a consequence, the p-like solution
centered at the deepest minima of the cell and the s-like
centered at the tiny minimum on top of the potential
exchange their role when crossing the resonance (that is
Es < Ep above the resonance, in Fig. 1, and vice versa
below the resonance, in Fig. 2).
Finally, the most important remark regards the local-
ization properties of the Wannier functions. Remarkably,
Figs. 1 and 2 show that the rotation does not affect dra-
matically their localization properties, the rotated Wan-
nier functions having a behavior similar to the MLWFs
for the original Bloch band. As a matter of fact, though
the two sets of Wannier functions have a different “mi-
croscopic” structure, the corresponding values of the par-
ticipation ration P are not so different.
In order to complete the analysis, one has to check how
the approximation (13) behaves under the rotation. This
requires a precise analysis of the sub-leading terms in Eq.
(12), that we shall discuss in the following section.
VI. THE “SLOWLY VARYING” POTENTIAL
Let us consider a generic slowly varying potential
(that used in Refs. [1, 2] takes the form V (x) =
V0 exp[−2(x/x0)2]−Fx; the following treatment is valid
in general). By performing a series expansion around
x = Rj , the potential term in Eq. (11) can be written as
〈V 〉jj′nn′ =
∑
s
1
s!
∂sV
∂xs
∣∣∣∣
Rj
〈(x−Rj)s〉jj
′
nn′
= V (Rj) +
∂V
∂x
∣∣∣∣
Rj
〈x−Rj〉jj
′
nn′ + . . .
= V (Rj) +
∂V
∂x
∣∣∣∣
Rj
(
〈x〉jj′nn′ −Rjδnn′δjj′
)
+ . . . ,
so that the corrections to Eq. (13) read
δV
(ℓ)
nn′(Rj) ≡ 〈V (x)− V (Rj)〉j,j+ℓnn′
=
∂V
∂x
∣∣∣∣
Rj
(
〈x〉(ℓ)nn′ −Rjδnn′δℓ0
)
+ . . . (22)
with 〈x〉(ℓ)nn′ being independent of j owing to the invari-
ance of the lattice under discrete translations. Then, it
is convenient to rescale the latter expression by the recoil
energy ER and write it as
δV
(ℓ)
nn′(Rj)
ER
≈ d
ER
∂V
∂x
∣∣∣∣
Rj
· 1
d
(
〈x〉(ℓ)nn′ −Rjδnn′δℓ0
)
, (23)
where the term (d/ER)(∂V/∂x)|Rj represents the varia-
tion of the potential on the scale of the lattice spacing
d, divided by the characteristic energy scale ER of the
lattice. By hypothesis, this term is small under the as-
sumption of a slowly varying potential. Then, in order
to verify that the approximation (13) is justified, one has
to check that the remaining term
∆
(ℓ)
nn′ ≡ (〈x〉(ℓ)nn′ −Rjδnn′δℓ0)/d (24)
is sufficiently smaller than unity (note that ∆
(ℓ)
nn′ is actu-
ally independent of j owing to the invariance of the lattice
under discrete translations). In principle, one may expect
this condition to be satisfied when the Wannier functions
are sufficiently localized within each lattice cell. Indeed,
we have verified that |∆(ℓ)nn′ | < 0.5 for ℓ = 0,±1,±2 for all
the cases shown in Figs. 1,2. Notice also that the actual
value of the on-site diagonal term ∆
(0)
nn ≡ (〈x〉(0)nn −Rj)/d
(the only one depending on Rj) is not univocally deter-
mined (though smaller than unity, anyway) due to the
arbitrariness in choosing the origin of the unit cell.
VII. CONCLUSIONS
We have revisited the derivation of the effective Dirac
equation for non-interacting ultracold atoms in optical
lattices, discussing in particular the role played by the
localization properties of the Wannier functions entering
the coarse graining approximation. Though, remarkably,
the choice of the Wannier functions does not appear ex-
plicitly in the final Dirac equation at leading order, the
existence of a set of Wannier functions sufficiently local-
ized within each lattice cell, is a crucial requirement. We
have shown that the Wannier functions must be calcu-
lated from the rotated Bloch basis, and that a reason-
able option can be obtained by rotating the MLWFs for
the original Bloch bands. The above results eventually
justify the use of the coarse graining approach, and ac-
count for the good agreement between the experimental
results of Salger et al. [1] (or the direct solution of the
Schro¨dinger equation discussed in Ref. [2]) and the effec-
tive Dirac equation proposed by Witthaut et al. [2].
ACKNOWLEDGMENTS
We acknowledge useful discussion with A. Barducci,
A. Bergara, I. Egusquiza, G. Muga. This work has been
supported by the UPV/EHU under program UFI 11/55,
the Spanish Ministry of Science and Innovation through
Grant No. FIS2012-36673-C03-03, and the Basque Gov-
ernment through Grant No. IT-472-10.
6[1] T. Salger, C. Grossert, S. Kling, and M. Weitz, Phys.
Rev. Lett. 107, 240401 (2011).
[2] D. Witthaut, T. Salger, S. Kling, C. Grossert, and M.
Weitz, Phys. Rev. A 84, 033601 (2011).
[3] In Ref. [2], only the properties of the (maximally local-
ized) Wannier function of the original Bloch bands have
been discussed.
[4] N. Marzari and D. Vanderbilt, Phys. Rev. B 56, 12847
(1997).
[5] M. Modugno and G. Pettini, New J. Phys. 14, 055004
(2012).
[6] J. Callaway, Energy band theory (Academic Press, New
York and London 1964).
[7] O. Morandi and M. Modugno, Phys. Rev. B 71, 235331
(2005).
[8] See e.g. J. Bjorken and S. Drell, Relativistic quantum
mechanics (McGraw-Hill, 1964), W. Greiner, Relativistic
Quantum Mechanics - Wave Equations, (Springer, 2000).
[9] E. N. Adams, Phys. Rev. 85, 41 (1952).
[10] The Wannier functions do not appear explicitly at the
leading order as they are integrated out by the coarse
graining procedure; however they would affect the next-
to-leading corrections of the potential.
[11] W. Kohn, Phys. Rev. 115, 809 (1959).
[12] Though Wittahut et al. [2] do not mention explicitly the
concept of MLWFs, it is evident that they are considering
the MLWFs associated to the original Bloch bands (see
e.g. their Fig. 3).
